ON THE SUPPORT OF MEASURES IN MULTIPLICATIVE FREE 
CONVOLUTION SEMIGROUPS 



HAO-WEI HUANG AND PING ZHONG 



Abstract. In this paper, we study the supports of measures in multiplicative free 
semigroups on the positive real line and on the unit circle. We provide formulas for 
the density of the absolutely continuous parts of measures in these semigroups. The 
descriptions rely on the characterizations of the images of the upper half-plane and 
the unit disc under certain subordination functions. These subordination functions 
are ^-transforms of infinitely divisible measures with respect to multiplicative free 
convolution. The characterizations also help us study the regularity properties of 
these measures. One of the main results is that the number of components in the 
support of measures in the semigroups is a decreasing function of the semigroup 
parameter. 

1. Introduction 

Denote by Mm + and Mr the set of Borel probability measures on the positive real 
line R+ = [0, oo) and on the unit circle T = {z G C : \z\ = 1}, respectively. Further 
let M£ — Mr + \{S }, and let Mj be the subset of Mj consisting of measures 
whose first moments are nonzero and ^-transforms (see section 2 for definition) never 
vanish throughout O\{0}, where P = {z G C : \z\ < 1}. For measures fi and v both 
in M£ or in Mj , their multiplicative free convolution, denoted by /i M u, can be 
characterized via the E-transforms (see section 2 for definition). That is, the identity 
= £ M (z)E„(z) holds for z in some appropriate region. We refer the reader to 
[10127] for more details. 

One of the significant properties of multiplicative free convolution is the existence 
of subordination functions. More precisely, the 77-transform rj^ u of measures fi and v 
either both in Mr + or in Mt is subordinated to rj^ in the sense that 77^,, = r/^ouj for 
some unique analytic function lo. The function a; is a self-mapping of C\R_|_ if fi, v G 
Mr + while it is a self-mapping of D if /j, v G Mr |5ll5l25j . One of the applications of 
subordination functions is the study the regularity of multiplicative free convolution. 
This fact, first noted by Voiculescu [55], has been widely used in free probability theory. 
For instance, if A t , t > 0, is the multiplicative free Brownian motion on R + or T then 
VuSXt = u t for some analytic function cj t whose ^-transform is a Kl-infinitcly 
divisible measure. It turns out that the measure y, H At is absolutely continuous for 
any t > 0, and its density can be described in terms of Lo t . More importantly, the 
number of components in the support of fi M X t is a decreasing function of t. We refer 
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the reader to [14129] for more details. The same conclusion also holds for additive free 
convolution [15] . 

For n E N, and fi in A4^ + or Aij, the n-fold multiplicative free convolution fiM' ■ 
is denoted by /jP n . The measure /iP n can be characterized by its ^-transform, that 
is, the identity S^Hn = E™ holds in some appropriate region. This can be generalized 
to any convolution power t > 1. More precisely, if fi E (resp. fi & ■Mj) an d 

t > 1 there there exists a semigroup {fi t : t > 1} contained in (resp. contained 

in Aij ) such that the identity E Mt = holds in some appropriate domain, where 
the tth power is taken appropriately. The measure fit coincides with fi Sn if t = n is 
an integer. With the help of the subordination in this context, it was shown that the 
measure fit has no singular continuous part and its density is analytic wherever it is 
positive |3|4| . 

In this paper, we study the supports of measures in the semigroup {fit '■ t > 1} 
associated with the measure fi which in A4^ + or in M.j . The main tools used in this 
study are the properties of subordination functions established in [4] . By the methods 
developed in this paper, we show that the number of components in the support of fit is 
a decreasing function of t. The corresponding subordination functions are shown to be 
the ^-transforms of ^-infinitely divisible measures and their ranges are also analyzed. 
Another purpose of this paper is to give an implicit formula for the density of the 
absolutely continuous part of fit- 

The paper is organized as follows. Section 2 contains some definitions and prelim- 
inaries. Section 3 and Section 4 investigate the topological properties of measures in 
the semigroups associated with measures fi on the positive real line and the unit circle, 
respectively. 



2. Preliminary 

Following the notation in the introduction, the i/j-transform of fi is defined as 

f 2,S 

ipn(z) = / 1 _ zg dfi(s), 

which is analytic on f2 = C\[0, +00) if /1 G .Mr, and analytic on D if fi £ M.j. The 
^-transform of fi is defined as 

_ Vy 

on the same domain as the "^-transform. The analytic way to obtain the multiplicative 
free convolution is by using the inverse of the 77-transform. A measure fi is said to be 
Kl-infinitely divisible if for any integer n there exists a measure fi n such that 

fj, = fi n M • ■ ■ [i n . 



n factors 

We refer the reader to [91 10] for more information about multiplicative free convolution 
and Kl-infinite divisibility. In the following two subsections, we briefly introduce some 
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properties of these transforms and the multiplicative free semigroups associated with 
a measure in or Mj . 

2.1. Multiplicative Free Convolution Semigroup on M. + . Measures in A4^. + can 
be characterized by their 77-transforms, which is stated in the following proposition. 



Proposition 2.1. Let 77 : — > C \ {0} be an analytic function such that r)(z) = i](z) 
for all Z G Q. Then the following statements are equivalent. 

(1) There exists a measure fi G such that r\ = i]^. 

(2) The function n satisfies rj(0— ) = and arg rj(z) G [argz, ir) for z G C + . 

Any measure [i G A4r + can be recovered from its ^-transform by Stieltjes inversion 
formula. Indeed, the identity 

G M~) = i ~TT' zen > 

W !-»M*) 

where G M is the Cauchy transform of fi, shows that the family of measures {fJ- e }e>o 
defined as 

1 / x + ie \ 
dfiJl/x) = -3 — — — dx, x > 0, 

* V 1 - Vp{ x + ie ) J 

converges to v weakly as e — > 0, where dv(x) — d[i(l/x). Note that v is not always in 
Mm + since u(R + ) = 1 - /j({0}). 

If n G M£ then ri'^(z) > for z < 0, and therefore 00, 0) is invertible. Let 

r/^ 1 be the inverse of i]^ and set 

where z < is sufficiently small. For n G N, the multiplicative free convolution power 
/jP n of fi satisfies the identity 

where z < is sufficiently small. The generalization to any multiplicative free convo- 
lution power greater than one is stated below [4] . 



Theorem 2.2. If fj, € A4 ffi and t > 1 i/ien £/ie following statements hold. 

(1) There exists a unique measure G smc/i that E^h^-z) = E^(z) /or 
z < sufficiently close to zero. 

(2) There exists an analytic function w f : il — > O suc/i £/ia£ Wt((— oo,0)) C 
(— 00, 0), wt (0— ) = 0, argwt(z) G [arg z, w) for z G C + , and 77 B t = J]^ o w f . 

(3) T/ie function $ t : fi — >• C\{0} defined by 



*t(*) 



t-i 



zed, 



where the power is taken to positive for z < 0, satisfies <&t(cJt(z)) = z for 

z en. 
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(4) Let x > 0. Then the point 1/x is an atom of [i m if > (t — l)/t, in 

which case we have 

H m {l/x)=t l x{{x- 1 ' t })-{t-l). 



Next, we introduce some special mappings and sets which connect Theorem l2.2l and 
the global inversion theorem. 

Denote by the strip {z G C : < tt}. Further, let <S+ = S n D C + and 

S~ = iStt n C~. The map A(z) = —e z : C — > C\{0} is a conformal mapping from 
onto Q. Particularly, we have A (5+) = C" and A(5") = C+. If A" 1 is the inverse of 
this conformal mapping then 

(2.1) 3A. _1 (z) = — K + axgz, z G C+ 
and 

(2.2) SA~ 1 (z) = tt + argz, zeT. 
For any measure /x G , by Proposition 12.11 we have 

(2.3) arg[r ?/J (A(2))]e(-7r,-7r + 3?2], z G 5+ 
and 

(2.4) arg[r /Al (A(z))] e [7r + 3z,7r), z G 5". 
Moreover, the function 

is analytic on i7 since ^ never vanishes on 57. For any t > 1, let 

(2.5) H t {z) = z+(t-l)l tl {z), zeSk, 
where 

(2.6) ^(z) = A- 1 [-« M (A(z))]. 
Next, observe that 

(2.7) %H t (z) G zG<S+ 

or, equivalently, 9Zt(z) € [0, 3z), ze5+ Indeed, if z € 5+ then 

argK M (A(z)) = argA(z) - argr?^(A(z)) G [0, $z) 

by (|2.3I) . which yields arg[— K Jli (A(z))] G [— tt, — 7t + 3z) and — k m (A(z)) G C~. Hence 
by (|2.2|) we have 

9A- 1 [-k m (A(z))] = tt + arg[-^(A(z))] G [0,3z), 

as desired. 

The following theorem, obtained by choosing h — tt and k = tix in [Theorem 4.9, H], 
plays an important role in the investigation of the support of fj^ 1 . 

Theorem 2.3. If H t is the analytic function defined in (|2.5p then the following state- 
ments hold. 
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(1) There exists an analytic function vj t : S v — > such that w t extends con- 
tinuously to S^, < \^sz\ ; vj t (z) — tt(z), and H t {vot{z)) = z for all 

z e Stt. 

(2) The function w t satisfies 

\Z\ — Z2\ 

2( - t + < \TVt{zi) - m{z2)\, z 1 ,z 2 eS 7T . 

(3) The set {z G S n : H t (z) G S^} coincides with Wt(S v ) and is a simply connected 
domain whose boundary consists of two simple curves, n7 t (R±i7r). 

(4) If a £ dS^ and zut(a) G then Wt can be continued analytically to a neigh- 
borhood of a. 

2.2. Multiplicative Free Convolution Semigroup on T. The following proposi- 
tion characterizes functions which are ^-transforms. 

Proposition 2.4. If n : ID) — > C is analytic then the following conditions are equivalent. 

(1) There exists a measure /i G A4j such that r\ = r)^. 

(2) We have r?(0) = and \n(z)\ < 1 for all z G D. 

(3) We have \n(z)\ < \z\ for all z G P. 

Any measure fi G A4j can be recovered from its 77-transform. Indeed, the identity 

whose real part is the Poisson integral of the measure dfi(l/() indicates that the family 
of measures {/i e } £ >o defined as 

27r|l-?? M (£e ie )| 5 
converges to v weakly on T as e \. 0, where <i/z(£) = d/i(l/(). 

Recall that measures in A4j have nonzero mean. That is, if /1 G A4j then 



and therefore 77^ is invertible in a neighborhood of zero. This shows that the inverse 
rf^ 1 is defined for sufficiently small z, and so is 

E p (*) = -^j-^. 
For n G N, the multiplicative free convolution power /j^ n satisfies 

in a neighborhood of zero. The following theorem is the generalization to and multi- 
plicative free convolution power t > 1 [4]. 

Theorem 2.5. If fj, G -M.£ and i > 1 i/ien £/ie following statements hold. 

(1) There exists a measure /i t G .M^ swc/i i/iai £^(2) = Zio/ds in a neigh- 

borhood of zero. 
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(2) There exists an analytic function u> t : P — > D such that \uj t (z)\ < \z\ and 
■q^ t (z) = 77 M (w t (z)) /or a/Z 2 S SI. 

(3) T/ie function cu t is given by 

r i V* 

w t (z) = n^(z) — , zeB. 

(4) The analytic function $t : D — >■ C defined by 



t-i 



z e 



satisfies $t(o;t(z)) = z for z£D. 
(5) A point 1/C is an atom of fi t if /it({l/w t (£)}) > (t — l)/i, in which case we 
have 

Mt (i/C) = tM{iM(C)}) -(*-!)■ 

Remark 2.6. For fi G Aij, let = z/n^z), z G D. Observe that the function 

$t(2) = depends on the choice of extracting roots, and therefore the measure 

fit in Theorem 12.5( 1) is not unique. However, there is only one measure [it satisfying 
Vp. t = 7 /m ° w « if ®t is chosen. 

The function uj t in the preceding result is obtained as a consequence of the following 
global inversion theorem [4] . 

Theorem 2.7. Let $ : D — > C U {oo} be a meromorphic function such that $(0) = 
and \z\ < |$(z)| for all z G D. Then the following statements hold. 

(1) There exists a continuous function uj : D — > D smc/i i/iai a;(D) C w(D), w|D is 
analytic, and $(w(z)) = z for all z G D. 

(2) If £ £ T is such that |w(C) < 1 i/ien w can 6e continued analytically to a 
neighborhood of 

(3) 27ie sei {zeD: | < i ) ( ;z )| < 1} is simply connected bounded by a simple closed 
curve. This set coincides with w(D) and its boundary is uj(T). 

(4) If z £ w(D) (~| T then the entire radius {rz : < r < 1} is contained in uj(U>). 

3. Support of the measure fi m on M+ 

Throughout this section, we fix a measure [i G -M^ + and investigate the support of 
/j^*, t > 1, which is the unique measure defined in Theorem l2.2l Let 

T t = {z G S- : H t {z) G S*}, 

where H t is the function defined as in (|2 . 5|) . In the following proposition, we describe 
the set r t in terms of k^. 

Proposition 3.1. The set T t can be expressed as 

(3.1) r f = L5;:^#M< 1 



arg A(z) t — 1 

Moreover, T t is a simply connected domain whose boundary consists of two simple 
curves one of which is the real line. 
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Proof. Since H t (z) = H t {z) for any z G S„, by (|2.7|) we see that ^SH t (z) G (iSz, 5z] 
for z G iS~. This shows that a point z € 5~ satisfies Ht(z) G 5^ if and only if 

7r + 3z arg A(z) 



%Wz) > — 



t - 1 



t - 1 



Since — k m (A(z)) G C + and arg[— k m (A(z))] = 7r + argK At (A(z)) for z G 5,7, the descrip- 
tion (I3.1[) for r t follows from (|2.ip . Finally, the fact H t (z) = H t (z) shows that the set 
{z G 5V : H t (z) G SV} is symmetry with respect to the real line, and hence the second 
assertion follows. □ 



Proposition 3.2. The function L defined in 



has a continuous extension to the 



boundary Tt and the extension is Lipschitz continuous. Consequently, the function 
k m o A has a continuous extension to Tt ■ 



Proof. By Theorem I2.3f 2), we have 



H t ( Zl ) - H t (z 2 ) 



z\ - z 2 
which yields that 



l^(z) - l^z) 



< 



zi - z 2 



2t + 3 



<2(t+l), z 1 ,z a eT u 



zi,z 2 g r t . 



z\- z 2 t - 1 

This shows that 1^ extends continuously to Tt whose extension is Lipschitz continuous. 
Since k m (A(z)) = exp[Z M (z)] for all z G S n , it follows that koA extends continuously 
to IV □ 

The characterization and non- vanishing of the ry-transform of a measure [i in A4£ 
gives that 



(3.2) 

This implies that 



argre M (z) G [— n + argz, 0), z G C + . 



Kp(z) = exp[u(z)], z G 



where u is an analytic function on £7 satisfying u(z) = u{z) for z G C + and u(C + ) C 
C~ UK. As a consequence the Nevanlinna representation, u can be written as 

1 + zs 



(3.3) 



u(z) — a — bz + 



dp(s), 



z en, 



where a G R, b > 0, and p is some positive Borel measure on [0, oo). In the following 
lemmas we provide some properties of the function u. 



Lemma 3.3. If u has the expression 
k^(z) = exp + 
Proof. First observe that 



lim (l+t/j^-x)) 

x— >-+oo 



then b — 0, and therefore 
1 + zs 



dp(s) , zed. 



lim 

x — >+oo 



dfx(s) 
1 + xs 



= 
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oc 







by dominated convergence theorem. Moreover, for x > 1 we have 

f°° dais) , . 

or, equivalently, 

1 < X 

1 + tj^(-x) ~ c 

where 

dp,(s) 
s + l 

is a hnite positive number. This implies that 

< li m jg|[l+M^ < lim l0gX - l0SC =Q. 

a;— >+oo — x a;— > + oo x 

Then the above discussions and the expression 

logn^-x) = \ogx + log[l + ?/v(-x)] - log[-^ M (-x)], a; > 0, 

yield that 

lim ^ = lim !^H = 0. 

a;-> — oo x a;— >+oo — x 

Since 

l im Jo n > = lim / - \ dpis) = 

oo a; x->+oo x(X + S) 

by dominated convergence theorem, we must have b — 0, as desired. □ 
In the sequel, the measure p will be the unique measure in the Nevanlinna represen- 
tation |33] of u. 



Lemma 3.4. For any fixed r > 0, the function 

<?M) = q — 

is decreasing on (0,7r) and lim e ^ w - g(r, 9) = 0. Consequently, argK M (z) = ^su(z) G 
(— 7r + argz, 0] /or z G C + . 

Proof. First observe that for G (0, it) the function g(r, 9) can be expressed as 

rsinfl /°° s 2 + 1 

9(r,e) = —J Q r2 _ 2rsCQse + s2 dp(s) 

by Lemma 13.31 To show that g(r, •) is decreasing on (0, n), it suffices to show that it 
has a negative derivative. This follows from the facts 

' sin 9 \ cos C 



d9 \ 9 

and 

d I i \ — 2r.s sin 9 

< 



- tan 6) < 
— 2rs sin 



0$ \r 2 — 2rscos6> + s 2 J (r 2 — 2rscos# + s 2 ) 2 
for any s G [0,oo) and 9 G (0,7r). Since u(x) G K for x < 0, it follows that 
linig _,.„.- g(r, 0) = for any r > 0. The last assertion follows from the above discussion, 
(|3.2[) , and the continuity of u on C + . □ 
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For t > 0, the function $ t defined in Theorem l2.2f 3) can be expressed as 
(3.4) $ t {z) = zexp[{t-l)u{z)}. 

Then there exists an analytic function co t ■ fl — ► fl satisfying the properties listed in 
Theorem 12.2( 2). Indeed, we have the relations 

$t = A o H t o A -1 and w t — A o zu t o A -1 . 

The subordination function uj t has an important property, which is stated in the fol- 
lowing result. 

Proposition 3.5. The function uj t is the r) -transform of some ^-infinitely divisible 
measure in Ai„ . 

Proof. Since u> t satisfies the conditions in Theorem 12.11 we must have w t = r\ Vt for 
some measure v t G A4^ + . It is clear that the ^-transform of v t is given by £„ t (z) — 
<&t{z)/z = exp[(i — l)u(z)]. Then the desired result follows from [Theorem 6.12. HO]. 

□ 

Let [i m be the unique measure in such that 

%M = Tip OU t . 

Our analysis of the support of ^ l will be based on the functions g : (0, oo) — > R + U 
{+00} and At : R + —} [0,7r] which are defined as 

r r(s 2 + 1) , , 

9 r = / 7 w Ms) 

Jo - s r 

and 

A t (r)=inf{^(0,.):^!!) < _l_ 

respectively. The following set, associated with the function g, 

1 



V+ = ire (0,oo): g(r)> 



t-l 

will also play an important role in the investigation of the support of /i^ 1 '. Let 

n* = A(r t ). 

The following lemma provides some basic properties about the functions and set defined 
above. 

Lemma 3.6. Let t > 1. Then we have 

(3.5) fl t = {re ie : A t (r) < 9 < it and re (0, 00)}, 

(3.6) dfl t = {re lAt ^ : r G (0, 00)} U (-00, 0]. 
For any r > 0, we have 

(3.7) A t (r)€[0,7r) 



(3.8) V+ = {re(0,oo):A t (r)>0}. 
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Moreover, for any r £ (0, oo) we have 
(3.9) lim ^ < 



eiA t (r) 9 t - 1 

where the equality holds if r £ V t + , i/iai is, 

(3.10) 3u(re lAt(r) ) = -^y, r G V+. 

Proof. By Proposition 13.11 and Lemma 13.41 we see that re ie € fit if and only if 
9 £ (0,7r) and g{r,9) < l/(t— 1). Since g{r,9) is a decreasing function on (0,7r) for 
r > 0, it is clear that (|3.5[) and (|3.6|) hold by the definition of A t (t). Moreover, since 
limg _,.„.- g(r, 9) = for any r > 0, A t (r) must belong to the interval [0,tt). Next, 
observe that for any r > 1, 

by the monotone convergence theorem, and therefore the equation (|3.8[) holds. The 
inequality in (|3.9[) follows from the above discussion. If the strict inequality in (|3.9I) 
occurs for some r £ V t + then it will violate the definition of A t (r), whence the proof is 
complete. □ 

Proposition 3.7. For any re 10 £ Q t , the arc {re 1 ^ : 9 < (f> < ir} is contained in 
f2 t . Consequently, the set f2 t consists of one connected component and dQ t * s a simple 



Proposition 3.8. The function u(z) has a continuous extension to fit. Consequently, 
<£> t and u t extend continuously to Q t and C + U IR, respectively. 



Proof. Since u o A has a continuous extension to T t by Proposition 13.81 and f2t = 
A(r t ), the desired result follows. □ 

Lemma 3.9. If g is bounded on some open interval I then p{I) = and g is strictly 
convex on I. In particular, this is true if I is contained in (V t + ) c . 

Proof. Suppose that g is bounded by M on I. By countable additivity of p, it suffices 
to show that p( J) = for any closed interval J contained in /. Let c = min{a; : x £ J} 
and [a, b] C J. Then g((a + 6)/2) < M gives 

f b r(s 2 + l) ,., f b c(c 2 + l) , /x /2 s p((a,b)) 
M> / ; J dp{s) > / -i / dp(s) = 4c(c 2 + l)" v ' 



a (r-s) 2 J a (b^a) 2 1 '(6-a) 2 



or, equivalently, 



p((a,b)) < _M 



(b - a) 2 ~ Ac(c 2 + 1) 

since c ^ 0. Since [a, b\ can be an arbitrary subinterval in J, we conclude that p( J) = 0, 
as desired. □ 
Observe that the mapping r H ► re lAt ^ is a homeomorphism of (0, oo) onto dfl t Pi 
(C + U (0, +oo)). It turns out that the function h t : (0, oo) — > (0, oo) defined as 

ht(r) = $t(re iAt ^) 
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is a homeomorphism of (0,oc). We are now at the position to introduce the main 
theorem of this section. For any measure v, denote by v ac and supp(i^) the absolutely 
continuous part and support of v, respectively. 

Theorem 3.10. Suppose that n is a measure in -M^ + and t > 1. Let 



Then the following statements hold. 

(1) The measure (/i K *) ac is concentrated on the closure of S, 



(2) The density of (/i ) ac is analytic on the set St and is given by 

d(^r c / 1 \ _ 1 h t (r)l t (r)sm6 t (r) + 
dx \h t (r)J 7T 1 -2l t (r) cos t (r) + Z t 2 (r) ' T * ' 



where 
and 



l t (r) = rexpSRu(re lAt(r) ) 
tA t (r) 



(r) = 



t - 1 
for r € V t + . 

(3) The number of components in supp(/i^*) ac is a decreasing function of t. 

Proof. Let z — re lAt ^ r \ r > 0. First claim that Qrj^z) = if and only if r ^ V t + . 
Since A t (r) — Qu(z) € [0,7r] by Lemma [3~H the identity 

r)n{z) = zexp[— u(z)] = rexp[i^ t (r) - u(z))] 

implies that ^srj^z) = if and only if A t {r) = ^su(z) or A t (r) = tt + ^su(z). If A t (r) > 
then Sftt(z) = -A t (r)/(t - 1) < by ([330]) . Further suppose that A t (r) = 7r + 3?w(z). 
This gives A t (r) = (t — l)7r/i and ^u(z) = —ir/t, and therefore 

arg T]n(z) = argz — 3it(z) = 7T, 

which is a contradiction since arg?7 M (z) G [At(r),n) by Proposition 12.11 This shows 
the necessity. Conversely, if r ^ V t + , i.e., A t (r) = by (|3 . 8() then u(z) € K, and hence 
arg77 M (z) = argr — S>it(r) = 0, and hence Qrj^z) = 0. 

To verify the assertions (1) and (2), observe that r) ® t (ht (r)) = (77^ ou()($j(z)) = 
ri M (z) and 

/ 1 \ ^(z) 
if and only if r £ V t + by the above discussion. This implies (1) since 




h t (r)Ssr),i(z) 

7T|1-77 M (^)| 2 
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by Stietljes inversion formula. The desired density for (/i™) ac follows from the identities 

Mr) ~ = Mr) + = W. r G V+, 

^Strj^z) = l t (r) cos 9 t (r) and 3^0) = Z t (r) sin 9 t (r). 
The analyticity of this density wherever it is positive follows from Theorem 12.3( 4). 
Indeed, if r G V t + then ui t (ht{r)) = (u>t o $ t )(re lAt(r) ) = re a '' r) G C + , which yields 
that At is analytic in a neighborhood of r. To prove the statement (3), it is enough 
to show that V t + is a decreasing set as t increases. This will hold if we can show that 
g never has a local maximum in any open interval I in V t + . Indeed, the function g is 
strictly convex on I by Lemma I3~51 whence (3) follows. □ 
Recall that a point x G (0, oo) is an atom for \i if and only if rj^{l/x) — 1 and 
rj'^l/ x) is finite, in which case we have 

MM) 

Proposition 3.11. If r G (0, oo) and t > 1 then the following statements are equiva- 
lent. 

(1) re(V t ) c andr]„(r) = 1; 

(2) T ?pH «(r*) = l; 

(3) n({l/r})>l-t-\ 
7/(1) -(3) hold then 

(3.11) 1+ f!lfl±I) Ms) 1 



(r-»)> r> MUM)' 
Proof. The equivalence of (2) and (3) was proved in [3]. We will show that (1) and 
(2) are equivalent. If (1) holds then A t {r) — by (|3.8p . and hence e u ^ = r and h t (r) = 
$t(r) = rexp[(< - l)w(r)] = r*. This implies that rj^mir*) = fl^mt(ht(r)) = rj^(r) = 1 
and (2) holds. Conversely, suppose that (2) holds and ht(s) — r* for some s G (0, oo). 
Then we have ri^(se lAt ^) = rj^m (r*) = 1. By the fact that arg 77^(2) G [arg z, n] for any 
z G C + , we must have At(s) = and s G (V t + ) c . Then the identities se"^' = ?7^(s) = 1 
and sexp[(i — l)u(s)] = $t(s) = r* yield r = s, which implies (1). Taking the Julia- 
Carathedory derivative of rj^z) = ze~ u ^ gives r)'(z) = e~ u ^ — zu' {z)e~ u ^ z \ and 
therefore 

rrf^r) = re- u(r) - ru'(r)re~ u(r) = 1 - ru'{r). 

On the other hand, we have 

M (re") - u{r) f -(.s 2 + l)rfp(s) f (.s 2 + 1) 
u (r) = lim : = lim / - — : -7 = — / —ap(s). 

e^o re" - r Jo ( reie _ s ) ( r — s ) Jo (r - s) 2 

Hence the equation (|3.11[) follows from the above discussions. □ 

Proposition 3.12. Let r G (0, 00). Then the point r* is an atom of fjP f if and only if 
fJ-{{r}) > (t — l)/t, m which case, 

H m ({r t }) = t»({r})-(t-l). 
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Proof. By Theorem I2.2f 4) , it suffices to show the necessity. Suppose that r* 
is an atom of /i^ 1 * and let s = l/r. Then by the proof of Proposition 13. Ill we see 
that ht(s) = $*(s) = s*. Taking the Julia-Carathedory derivative of the identity 
V^t =i] fl ouj t gives 

where the fact that ^(^(s*))^^*) = 1. Since T) m(s*) = r t /fi m ({r t }) < oo, we 
must have $J(s) > 0. Taking the Julia-Carathedory derivative of the identity $t(«) = 
zexp[(t — l)u(z)] gives 

& t (z) = exp[(i - l)u(z)] + (t- l)zu'{z) exp[(f - l)u(z)], 

which implies 

- $ t ( s ) + (t - i)«'(«)#t(«) = § t («)[i + (t - i)u'(s)}. 

This shows that 1 + (t — l)su'(s) > or, equivalently, 
Since we have 

su'(s) = 1 — - 

by the equation (|3.11|) . it is easy to see that n({r}) > 1 — £ -1 , as desired. □ 
Combining Theorem 13. 101 and Proposition [333 we have the following result. 

Theorem 3.13. If fi <E M£ then the following statements hold. 

(1) The measure /x^' , t > 1, /ias at most countable many components in the 
support, which consists of finitely many points (atoms) and countably many 
arcs on R + . 

(2) The number of the components in supp(/Lt KI *) is a decreasing function of t. 

4. Support of the measure p m on T 

Throughout this section, the measure /i 6 is fixed. By Proposition 12. 4[ there 
exists some analytic function u : P — > C with a nonnegative real part on D. A theorem 
of Herglotz yields that the function u can be expressed as 

(4.12) u(z) = ia+ [ dp(0, zeB. 

Jt C - z 

where —a = arg |?7^(0)| £ [— 7r, 7r] and p is a finite positive Borel measure on T satisfying 
p(T) = -log|^(0)|. For t > 1, let 

® t (z) = zexp[(t- l)u(z)], zeD. 

By Proposition 12.71 there exists a continuous function oj t : D — >• D such that w t |IB> is 
analytic, Wt(0) = 0, and $ t (cjt(z)) = z for all zgB. Let 

fit = {z £ B : \$ t (z)\ < 1}. 
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Then w t ($ t (z)) = z, z <E fit- The following proposition states another important 
property of w*. 

Proposition 4.1. The function u> t is the rj-transform of some ^-infinitely divisible 
measure in Mj . 

Proof. The function uj t satisfies the conditions in Theorem 12.41 and therefore it 
must be of the form Lo t = r\ Vt for some measure v t in A4j. Next, observe that the 
E-transform of v t is given by Tj Vt (z) = $ t (z)/z = exp[(i — l)u(z)]. This implies the 
desired result by [Theorem 7.5, [9]. □ 

Let /z^ 1 * be the unique measure in A4f satisfying 

(4.13) =Vi*(«»t(z))> 

Since u' t (0) = l/$' t (u; t (0)) = l/$t(0) = cxp[-(< - l)u(O)], we see that 

< Ht (0)=<(0K(0)=cxp[-to(0)], 

which particularly shows that /j.^ 1 * 

In the rest of this section, we will investigate the support of /i Kt , which is the measure 
satisfying the requirement (|4.13l) . Our analysis will be based on the following functions 
g : [— 7r,7r] — > M + U {+00} and Rt : 7r,7r] — > [0, 1], which are defined as 

«« 4 » - f 

J_ 7r 1 - cos(9 - <j>) 

and 

(4.15) R t (0) =sup|r e (0,1) : J T{r, 9 - <f>) dp{e**) < ^ 
respectively, where 

r 2 - 1 1 

(4.16) T(r, 0) = r 

V ' K ' ' log r 1 - 2r cos + r 2 

is a continuous function from (0, 1) x [— tt,tt] to M + . The following set, associated with 
the function g, 

r+ r„ 1 



VJ + = ^G[-7r,7r]: fl (0)> 



t- 1 

will also play an important role in the study of the support of . 

The following lemmas provide some basic properties about the functions and set 
introduced above. 

Lemma 4.2. For any 9 6 [—77,77], the function T(-,9) defined as in (|4.16p is strictly 
increasing on (0,1). Consequently, 

T(l,0)=limT(r," ' 



rfl 1 — COS ( 

for 9^0 and T(l, 0) = lim rf i T(r, 0) = +00. 
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Proof. First note that the function 

(r + I) 2 

r^ z ; ' 2 , re (0,1), 
1 — 2rcost> + r z 

is increasing since it has a non- negative derivative on (0,1). Next, by some simple 
manipulations we see that the function 

e x - 1 



/(*) 



x(e x + 1) 

has a strictly negative derivative on (0, oo). This implies that the function 

r - 1 

r ^ /(-logr) 



(r + 1) log r 

is strictly increasing on (0, 1). Then the desired conclusion follows from the expression 

r-l (r + 1) 2 



T(r,9) = 



(r + 1) log r 1 — 2r cos ( 



r 



2 ' 



This completes the proof. □ 

Lemma 4.3. Let t > 1 and T(r,9) be the function defined in (|4. 16[) and Lemma [4.21 
on (0,1] x [— 7r,7r]. Then 

(4.17) fit = {re 19 : r G [0,R t (d)) and 9 G [-tt.tt]} 
awe? 

(4.18) an* = {i?t(6l)e l9 : 9 G [-tt.tt]}. 
For any G [— 7r, 7t] we «ave 

(4.19) iZt(0)e(O,l] 
and 

(4.20) V+ = {9e [-tt, tt] : i? t (0) < 1}. 
Moreover, for any 9 G [— 7r, 7r], we /iave 

(4.21) J* Tfa^e + fidp^K-L., 

where the equality holds if 9 G V 4 + . 

Proof. First observe that a point re belongs to fl t \{0} if and only if 

g(r, 9) := f T(r, 9 - </>) dp(e*+) < l/(t - 1). 

Indeed, simple computations give 

log|$ t (re ie )| = (logr)[l-(i-l)o(r,0)]. 

This implies that re %e G ©VjO} belongs to fi t if and only if log |$ t (re ie ) < 0, which 
happens if and only if (logr)[l — (t — l)g(r, 9)} < or, equivalently, g(r, 9) < 1/(4 — 1). 
By Lemma I4T21 and the definition of the function R t we see that the identity (|3.5p holds. 
The identity (|4~18l) follows directly from (|4~T7)l . 
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For any 9 e [— 7r, n] and small e > 0, by the fact (|4.17l) we have g(R t (0) — e, 6) < 
l/(t — 1), which gives (|4.21[) by letting e — > and monotone convergence theorem. 
This also shows that e V t + if R t (9) < 1. If i? t (0) = 1 then c/(r,e ie ) < l/(i - 1) for 
r G (0, 1), whence g{6) = lim rtl - g(r, e ie ) < l/(t - 1). Hence the identity P~2"0]) holds. 
By the above discussion, we see that the equality in (|4.21j) holds if € V t + . □ 

Due to the preceding lemma, we have the the following proposition which generalizes 
the statement (3) in Theorem 12.71 

Proposition 4.4. For any z £ Sl f , the line segment joining the origin and z is con- 
tained in Q t ■ Consequently, the set Q t consists of one connected component. 

Proposition 4.5. The function u(z) has a continuous extension to Of . Moreover, the 
extension is Lipschitz continuous on f2 t and can be expressed as 

(4.22) u(z)=ia+ [i±±d P {Q, ( eW t . 

Proof. We first show that the integral in (|4.22|) converges for z £ fl t . It suffices to 
consider the case z = e 10 € dfl t D T. Note that z r :— rz E Qf> < r < 1, and 

C + Zr MO = I ^4 MO + u r r Me " 0)dp(e#) 



/iC-^r ™' AIC-^I 2 V ' 7-. l-2rcos(0-0)+r 2 ' 
The first integral on the right hand of the above expression tends to zero as r 
since 

1 - r 2 -logr 
by (|4.2ip . By the fact that the mapping 



r i— ^ 



1 — 2r cos cf) + r 2 

is strictly increasing on (0,1) for any <f>, we conclude that the integral 

l-2rcos(0-0) + r 2 Pl j 2 1 - cos(0 - 0) Ple j 

converges as r — 5- 1 _ by monotone convergence theorem. Since g(Q) < l/(t — 1) by 
(|4.2ip . it follows that u has a continuous extension to Q t - Next, we show that this 
extension is Lipschitz continuous. Notice that for any different points Z\ and Z2 in fit 
we have 

\u{ Zl )-u{z 2 )\ _ 2 f (dp(() 
\zi - z 2 \ 

< 2 , 

h\(-zi\ J VAIC-^I 2 , 
where the Holder inequality is used in the the last inequality. Let e be small enough 
so that the set fi tjC := fi t n {z : \z\ > e} ^ (note that V t + is an open set containing 
the origin). Then the fact that the function r i->- log r/(r 2 — 1) is decreasing on (0, 1) 
shows that 

d P (0 < logN j_ < bg^ i 



T (C z l)(C - z 2) 

d P (0 Y /2 ( f dp(0 ^ 1/2 



|C-z| 2 - |z| 2 -K-l " e 2 -li-l 
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On the other hand, if z G Cl t with \z\ < e then 



dp(o < /■ rfp(CL = (1 _ e) - 9p(T) . 



|C-Z| 2 ~Jj (1-6)2 

The above discussions yield the desired result. □ 
For any — 7r < a < b < it, let A a ^ — {e l9 : a < 9 < b} be an arc contained in T. 

Lemma 4.6. If the function g is bounded on some open interval (a, b) then p(A a ^) = 
and g t is strictly convex on (a, b). In particular, this is true if (a, 6) is contained in 

(v t + y. 

Proof. Suppose that g is bounded by M on (a,b). Let (c, d) be any subinterval of 
(a, b). If 9 = (c + d)/2 then we have 

M > y* dp(e'») > /•<* rfp(e^) _ ^ dp(e*) 



cos(# 



l-cos(0-$ 7 C 2sin 2 (^)' 



Since sin <j> < (fr for any (/> e [— 7r, 7r], we deduce that 



M>2/ fh ^l> 8 ^ ) 



(d - c) 2 

or, equivalently, 

^<8M(d-c). 

Since the above inequality holds for any subinterval contained in (a, 6), we conclude 
that the desired result holds. The strict positivity of the second order derivative 

dp(e td ) 



4 J[-n,n]\(a,b) sin 4 r- 



on I yield the second assertion. □ 
Observe that the function 9 >-> R t {9)e is a homeomorphism from [— ir, it] onto dCl t - 
Since $ t has a continuous extension to fi t , we deduce that the function 

ft,(e W ) - $ t (i? t (fl)e* 9 ) 

is a homeomorphism of T. Now, we are in a position to state the main theorem of this 
section. 

Theorem 4.7. Suppose that \i is a measure in and t > 1. Let 

S t = {M^ r )-.6eV t + }. 

Then the following statements hold. 

(1) The measure (/j, m ) ac is concentrated on the closure of S t . 

(2) The density of (p mt ) ac is analytic on the set S t and is given by 

d( \ t( ') 2v I - 2l t {9) cos a{9)+l 2 t {9Y ^ *' 

where 

l t (9) = Rr (6) 
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a{9) = 6-^u(R t {d)e i0 ). 
(3) The number of components in supp(/i^*) ac is a decreasing function oft. 

Proof. Let z — R t {0)e lB . We claim that = 1 if and only if 9 V t + . Observe 

that if 6 e (F+) c then R t (9) = 1 and $lu(e ie ) = 0, which gives 

|^( e ^)| = | e ^ e -^(e")| = L 

If 9 e V+ then 

Ru(z) = 

by (|4.2ip . whence we have 
and 

sr^( z ) = Rf T (9) cos(6> - $u(z)). 

Since n^m is continuous on T, it follows that (/i^*) 3,0 is concentrated on the closure of 
the set of points (gT such that 

is finite and nonzero. Now, note that we have , n fl mt(ht(e' 1 )) = n^z) and 
s / l + ^(Me W )) \_^l+#)\ _ l-W(z)? 



Since 



rfc v - v 

the desired results in (1) and (2) follow. To verify the statement (3), it suffices to show 
that the number of components in V t + is nonincreasing as t increases. This will hold if 
we show that g never has a local maximum in any open interval (a, b) in V t + . Indeed, 
the function g is strictly convex on such an interval by Lemma 14.61 whence (3) follows. 

□ 

For the rest of this section, we discuss the atoms of /jP* . 

Proposition 4.8. If 9 £ [— 7r,7r] andt > 1 then the following statements are eguivalent. 

(1) 9e{V t + f andr ]ll (e ie ) = l; 

(2) Vfl m(h t (e ie )) = l; 

(3) n({e- i6 })>l-t-K 
//(I) -(3) hold then 

rfp(e^) 1 



(4 - 23) - J_„1-cob(0-<I>) 

In addition, if t > 2 then the condition r n^mt{e lte ) — 1 with \t0\ < tt is equivalent to 
conditions (l)-(3). 
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Proof. The equivalence of (2) and (3) was proved in [2J. We will show that (1) 
and (2) are equivalent. If (1) holds then Rt(0) = 1 by ()4.19|) . and hence rj^mt (ht(e te j) = 
ri^(u t (^ t (e l9 ))) = ri^(e l6 ) = 1, which yields (2). Conversely, the condition i]^(R t (8)e l8 ) = 
»7uHt(/it(e )) = 1 in (2) along with the fact that \rj^(z)\ < \z\ for any z £ B shows 
Rt{0) = 1, and therefore (1) holds. This also particularly implies that 

(4.24) exp[u(e ie )] = e 10 . 

Next, suppose that ^(e* 6 ) = 1 and e -rfAe ; ) < oo, where T]'(e ) is the Julia- 
Carathedory derivative of i]^ at e ie . Taking the Julia-Carathedory derivative of the 
identity rj^(z) = zexp[— u(z)] gives 

v'fj,( z ) = exp[— u(z)] — zu'(z) exp[— u(z)], 

and therefore we have 

e*»£(e*) = e ie exp[-u(e i9 )] - e i9 u'(e i6 )e i6 exp[-u(e ie )] 
= 1 - e ie u'(e ie ). 

On the other hand, using the identity 

u{re^) - u(e w ) _ f 2gdp(fl 

(r - l)e*> ./ (f - re l9 )(C - e ie ) ' 

it is easy to see that the Julia-Carathedory derivative u'(e ) is given by 

2£dp(0 



u'(e'") = 
Then 



T (£- e «) 2 ' 



2e ie ^ 
dp{e i(t> ) 



which gives the identity (|4.23p . 

Finally, if (2) holds and t > 2 then 



KOI 







_ 7r 1 — cos(6> — </>) ' 



1 1 - cosftf -6) ~ t-1 



It |£ - e 

which shows that u(e ld ) — i6 by the equation (|4.24[) . Therefore 

MO = $ t (0 = e* e exp[(t - l)«(e*)] = e m 

and |<6»| = |iu(Ol < t/(t - 1) < tt. Now, suppose ?7 M Ht(e lte ) = 1 with |t0| < tt 
and ht(e z ^) = e for some G [— 7r, tt]. Then the preceding argument indicates that 
u(e^) = i<£, |0| < l/(i - 1) and /i t (e^) = e 1 ^ . Since e ite = e"* and |i0|, < tt, we 
must have 6 = (j>. This completes the proof. □ 
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Proposition 4.9. A point l/£ is an atom of fjP f if and only if / 'wt(C)}) > 1 — £ _1 > 
in which case we have 

M a ({i/C}) = *M{iM(C)})-(*-i). 

Proof. By Theorem [23)^5), it suffices to show the necessity. Suppose that l/£ is an 
atom of and let h t (e ie ) = £ for some # G [— 7r,7r]. Then by Proposition 13. 1 II we see 
that <£> t (e* e ) = £. Taking the Julia- Carathedory derivative of the identity rj ® t — rj^ ouj t 
gives 

where the fact that $£(u; t (£)K(0 = 1- Since fr/ ^(0 = l//i Klt ({l/^}) < oo, we must 
have 

( 4 - 25 ) - fl ^l < °°- 

Taking the Julia-Carathedory derivative of the identity $t(z) = z exp[(i — l)it(z)] gives 
$t(z) = exp[(i - l)w(2r)] + (* - l)w'(z)zexp[(i - l)u(z)], 

which implies 

e «$J(e w ) = $ t (e ie ) + (i - l)e J V(e ie )$ t (e l9 ) = £[1 + (t - l)e w u'(e w )]. 
Using the above identity, the condition (|4.25[) is equivalent to 



t - 1 
Since we have 

i8 if i0\ i 1 

e it (e J = 1 



K{e~ ie }) 

by Proposition 13. Ill it is easy to see that p({e~ l6 }) > 1 — £ _1 , as desired. □ 
Combining Proposition 14.91 and Theorem 14.71 we have the following result. 

Theorem 4.10. If \i £ M.^ then the following statements hold. 

(1) The measure [jP 1 , t > 1, /ias a£ mosi countable many components in the 
support, which consists of finitely many points (atoms) and countably many 
arcs on T. 

(2) The number of the components in supp(/i KI *) is a decreasing function oft. 
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